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Abstract. In this paper we generalise Singerman's results on triangle group
inclusions to the broader class of generalised quadrangle groups, that is, Fuch-
sian groups with three or four elliptic generators. For any possible inclusion
P < Q we also give the number of non-conjugate subgroups of Q isomorphic
to P .
1. Introduction
A nitely generated discrete subgroup of PSL(2;R), the group of conformal
homeomorphisms of the upper half-plane H, is called a Fuchsian group. Here we are
interested only on the generalised quadrangle groups, that is, the Fuchsian groups
Q which have a presentation of the form
(1) Q(k; l;m; n) = hx; y; z; w j xk = yl = zm = wn = xyzw = 1i;
for some positive integers k; l;m and n. Since any Fuchsian group   acts properly
discontinuously on H, any orbit  z (z 2 H) is a discrete subset of H, which means
that if  z has a limit point z0, then z0 2 R [ f1g. The collection L( ) of all
possible limit points of the orbits  z, z 2 H, is a subset of R [ f1g satisfying one
of the following properties:
(a) L( ) has at most two points, or
(b) L( ) = R [ f1g, or
(c) L( ) is a perfect nowhere-dense subset of R [ f1g.
Fuchsian groups satisfying (a) have either presentation hx; y; p j x2 = y2 = xyp = 1i,
which is not a generalised quadrangle group, or are cyclic. Cyclic groups are not of
our interest. Fuchsian groups satisfying (b) are said to be of the rst kind. Their
fundamental regions are of nite volume and, in the particular case of a generalised
quadrangle group Q(k; l;m; n), the volume is given by:
(2) (Q(k; l;m; n)) = 2

2 

1
k
+
1
l
+
1
m
+
1
n

> 0 :
Certainly this means that  = 1k+
1
l+
1
m+
1
n < 2. Fuchsian groups of the second kind
are those satisfying (c); they have fundamental regions of innite volume, and so
not focused in this paper. In [13] Singerman classies the normal inclusions between
Fuchsian groups of the rst kind having the same Teichmuller space dimension (that
is, with the same sum g + n, where g is the signature's genus and n is the number
of generators). Concerning non-normal inclusions, Singerman only classies, in the
same paper, the inclusions between triangle groups (non-cyclic Fuchsian groups
with zero Teichmuller space dimension). More details about Fuchsian groups can
be found in [10].
By (2) at most one of fk; l;m; ng can be equal to one; if such case happens,
then Q(k; l;m; n) is a triangle group, otherwise it is a quadrangle group. Thus
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triangle groups (l;m; n) are regarded as particular cases of generalised quadran-
gle groups. In this paper we extend Singerman's results about inclusions between
triangle groups (see [13]) to inclusions between generalised quadrangle groups. Tri-
angle group inclusions have been useful in the context of Riemann surfaces to dene
transformations between \Riemann hypermaps"1 preserving the Riemann surface
(see [15], [7] and [3]).
From now on, by a generalised quadrangle group we will always mean a Fuchsian
group of the rst kind with a presentation of the form (1). Our main result can be
stated as follows:
Theorem (main result). The nite index inclusions between generalised quadran-
gle groups P = Q(p; q; r; s) and Q = Q(k; l;m; n) are grouped in 63 innite families,
described in Tables 1,3,5,7 and 380 single inclusions, called sporadic, described in
Tables 2,4,6,8.
All the tables exhibit the following information:
 the index N of the inclusion (rst column),
 (p; q; r; s) and (k; l;m; n) (second and third column),
 the passport ((x); (y); (z); (w)) of the inclusion, that is, the cy-
cle structures of the generators x; y; z; w of Q regarded as permutations
x; y; z; w of the N cosets of P in Q (fourth column),
 the number # of realisations, that is, the number of non-conjugate sub-
groups of Q isomorphic to P (last column).
As a corollary we have the following:
Corollary. Let P < Q be an inclusion of index N between generalised quadrangle
groups. Then
 N  60, and N = 60 for the six realisations of P = Q(7; 7; 7; 7) < Q =
Q(1; 2; 3; 7) = (2; 3; 7) (see Table 4). Note that Lemma 2.4 gives N < 84
(hence Riemann-Hurwitz bound N = 83 is not attained).
 If P < Q belongs to a family (see Tables 1, 3, 5 and 7), then N  12 and
N = 12 if and only if P < Q belongs to one of the six families given in
Table 3.
 The maximal number of realisations is 16 attained by P = Q(3; 3; 7; 7) <
Q = Q(1; 2; 3; 7) = (2; 3; 7) of index 44 (see Table 8).
More details as well as representations of generalised quadrangle group inclusions
by pictures (spherical dessin d'enfants) can be found in the paper [4] and on the
web page [5].
2. Preliminaries
The following claims are consequences of well-known properties of Fuchsian
groups.
Lemma 2.1. The generators x, y, z and w of a generalised quadrangle group
Q(k; l;m; n) have order k, l, m and n, respectively.
Proof. Straightforward from the presentation (1), since Q(k; l;m; n) is the quotient
of the free product F of the cyclic groups Ck = hx j xk = 1i, Cl = hy j yl = 1i,
Cm = hz j zm = 1i and Cn = hw j wn = 1i by the normal closure in F of the cyclic
1We mean hypermaps with underlying Riemann surfaces whose projection to the sphere in-
duced by the hypermap projection to the trivial spherical hypermap is a Bely function - every
hypermap actually induces a \Riemann hypermap" and conversely (see [14]).
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group generated by xyzw, which has trivial intersection with any of the cyclic
groups Ck, Cl, Cm and Cn. 
Lemma 2.2. For any permutation  of degree 4, the group
Q(m(1);m(2);m(3);m(4))
is isomorphic to Q(m1;m2;m3;m4).
Proof. As the permutations (1; 2) and (2; 3; 4) generate the symmetric group of
degree 4, it is enough to show that Q(m2;m1;m3;m4) and Q(m1;m3;m4;m2) are
isomorphic to Q(m1;m2;m3;m4). The mapping
x 7! xyx 1 ; y 7! x ; z 7! z ; w 7! w
extends to a group isomorphism from Q(m2;m1;m3;m4) to Q(m1;m2;m3;m4),
since it corresponds to a Tietze transformation of the rst presentation giving the
second as a result. Analogously, the mapping
x 7! x ; y 7! w ; z 7! w 1yw ; w 7! w 1zw
extends to an isomorphism from Q(m1;m3;m4;m2) to Q(m1;m2;m3;m4). 
By means of Lemma 2.2, we can always assume that k  l  m  n for represen-
tatives Q(k; l;m; n) of isomorphism classes of generalised quadrangle groups. For
k = 1 we have that Q(1; l;m; n) is the triangle group (l;m; n).
From now on, let P = Q(p; q; r; s) be a generalised quadrangle group with gen-
erators a; b; c; d and presentation
(3) ha; b; c; d j ap = bq = cr = ds = abcd = 1i
and letQ = Q(k; l;m; n) be a generalised quadrangle group with generators x; y; z; w
and presentation (1). Suppose that P is a subgroup of index N > 1 of Q and write
P <N Q. Then, by means of the Riemann-Hurwitz formula, we have
(4) N =
(P )
(Q)
=
2 

1
p +
1
q +
1
r +
1
s

2    1k + 1l + 1m + 1n :
Remark 2.3. Setting 0 = 1p +
1
q +
1
r +
1
s and  =
1
k +
1
l +
1
m +
1
n , we express (4)
by N = 2 
0
2  . Note that  < 2, 0 < 2 .
Lemma 2.4 (Riemann-Hurwitz bound). If P <N Q then N < 84.
Proof. According to (4) we have N < 22  . As   11 + 12 + 13 + 17 = 8342 for integers
k; l;m; n satisfying 1k +
1
l +
1
m +
1
n < 2, we have N <
2
2  8342
= 84. 
Lemma 2.5. If P <N Q and Q = Q(k; l;m; n) with k  l  m  n, then k < 4
and if k = 3, then N = 2.
Proof. From (4) we have N < 22  and therefore
(5) 1  2  2
N
<  :
As   4k by assumption, from (5) we conclude that 1 < 4k , that is, k < 4. Let now
k = 3. Then   13 + 3l  43 by assumption. Hence (5) implies 2  2N < 43 , that is,
N < 3. 
Looking at Theorem 1 of [13], which list all the normal inclusions between Fuch-
sian groups of the rst kind that have the same Teichmuller space dimension, we
found that Q(m;m; n; n) C2 Q(2; 2;m; n) is the only index 2 family of inclusions
between quadrangle groups. Hence we can state the following Proposition.
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Proposition 2.6. If P <N Q = Q(k; l;m; n) with k  l  m  n, then k = 1 or
k = 2.
3. Quadrangle groups inclusions
The following lemma will play an important ro^le in our approach. It is a conse-
quence of the following well-known facts (see [9] or [10], for instance):
(a) Elements of nite order in PSL(2;R) are elliptic;
(b) Any elliptic element of a Fuchsian group   is conjugate (in PSL(2;R)) to
a power of an elliptic generator of  .
Lemma 3.1. Any non-trivial element of nite order in Q is conjugate to a power
of one and only one generator of Q.
Let g; h be elements of PSL(2;R). We write g ` h to mean that the element g is
conjugate to a power of h. Denoting by jgj the order of g, if g; h have nite order
and g ` h, then jgj divides jhj.
If P <N Q, then a; b; c; d are elements of nite order in Q and Lemma 3.1
guaranties that for any aj 2 fa; b; c; dg there is a unique xi 2 fx; y; z; wg such
that aj ` xi. Moreover, up to a permutation of fa; b; c; dg and a permutation of
fx; y; z; wg (Lemma 2.2), one of the following cases occurs for N > 1:
Case 1. a; b; c; d ` w. (Then p; q; r and s divide n).
Case 2. a ` z and b; c; d ` w. (Then p divides m and q; r; s divide n.)
Case 3. a; b ` z and c; d ` w. (Then p; q divide m and r; s divide n.)
Case 4. a ` y, b ` z and c; d ` w. (Then p divides l, q divides m and r; s divide
n.)
Remark. It looks like that the case a ` x, b ` y, c ` z and d ` w is missing,
however this case implies that p divides k, q divides l, r divides m and s divides n,
giving
 =
1
k
+
1
l
+
1
m
+
1
n
 1
p
+
1
q
+
1
r
+
1
s
= 0 ;
and by (4) N = 2 
0
2   1.
Given an inclusion P <N Q and a generator xi of Q, we denote by Sxi the set of
elements aj 2 fa; b; c; dg such that aj ` xi. Relatively to the above cases we have:
Case 1: Sx = Sy = Sz = ; and Sw = fa; b; c; dg.
Case 2: Sx = Sy = ;, Sz = fag and Sw = fb; c; dg.
Case 3: Sx = Sy = ;, Sz = fa; bg and Sw = fc; dg.
Case 4: Sx = ;, Sy = fag, Sz = fbg and Sw = fc; dg.
The following proposition characterises the orbits of the action of generators of
Q on the N cosets of P in Q for P <N Q. For its proof see Theorem 1 in [12].
Proposition 3.2 (Singerman). There is an inclusion P <N Q if and only if there
is a permutation group G transitive on N points and an epimorphism  : Q ! G
such that for any xi 2 fx; y; z; wg the permutation (xi) satises the following
property:
There is a one-to-one mapping  from the set of non-trivial elements of Sxi
to the set of cycles of (xi) of length less than jxij such that any cycle (aj)
has length jxijjaj j .
In the language of constellations (see [11], for instance), Proposition 3.2 says that
any inclusion P <N Q gives rise to a 4-constellation (x; y; z; w) of degree N
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with passport ((x); (y); (z); (w)), where
(xi) =
8<: jxij
N
jxij if Sxi = ;
jxij
ja1j     
jxij
jaj  jxij
N 
 jxij
ja1j
++ jxijjaj

jxij if Sxi = fa1; : : : ; ag 6= ;
for any xi 2 fx; y; z; wg, with the convention that
jxij
ja1j     
jxij
jaj  jxij
N 
 jxij
ja1j
++ jxijjaj

jxij =
jxij
ja1j     
jxij
jaj
if N  

jxij
ja1j +   +
jxij
jaj

= 0.
Using Proposition 3.2 we can be more precise in each case.
Lemma 3.3 (Case 1). If P <N Q and a; b; c; d ` w, then
(i) p; q; r; s divide n.
(ii) k; l;m divide N .
(iii) n divides N  

n
p +
n
q +
n
r +
n
s

.
(iv) The equality (4) takes the following form
2(N   1)  N
k
  N
l
  N
m
=
N  

n
p +
n
q +
n
r +
n
s

n
:
(v) There is a 4-constellation of degree N and passport 
k
N
k ; l
N
l ;m
N
m ;
n
p
 n
q
 n
r
 n
s
 n
N (np +nq +nr +ns )
n
!
:
Lemma 3.4 (Case 2). If P <N Q , a ` z and b; c; d ` w, then
(i) p divides m and q; r; s divide n.
(ii) k; l divide N .
(iii) m divides N   mp and n divides N  

n
q +
n
r +
n
s

.
(iv) The equality (4) is equivalent to
2(N   1)  N
k
  N
l
=
N   mp
m
+
N  

n
q +
n
r +
n
s

n
:
(v) There is a 4-constellation of degree N and passport 
k
N
k ; l
N
l ;
m
p
m
N m
p
m ;
n
q
 n
r
 n
s
 n
N (nq +nr +ns )
n
!
:
Lemma 3.5 (Case 3). If P <N Q , a; b ` z and c; d ` w, then
(i) p; q divide m and r; s divide n.
(ii) k; l divide N .
(iii) m divides N  

m
p +
m
q

and n divides N    nr + ns  .
(iv) The equality (4) is equivalent to
2(N   1)  N
k
  N
l
=
N  

m
p +
m
q

m
+
N    nr + ns 
n
:
(v) There is a 4-constellation of degree N and passport 
k
N
k ; l
N
l ;
m
p
 m
q
m
N (mp +mq )
m ;
n
r
 n
s
 n
N (nr +ns )
n
!
:
Lemma 3.6 (Case 4). If P <N Q , a ` y, b ` z and c; d ` w, then
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(i) p divides l, q divides m and r; s divide n.
(ii) k divides N .
(iii) l divides N   lp , m divides N   mq and n divides N  
 
n
r +
n
s

.
(iv) The equality (4) is equivalent to
2(N   1)  N
k
=
N   lp
l
+
N   mq
m
+
N    nr + ns 
n
:
(v) There is a 4-constellation of degree N and passport 
k
N
k ;
l
p
 l
N  l
p
l ;
m
q
m
N m
q
m ;
n
r
 n
s
 n
N (nr +ns )
n
!
:
4. Realisation of inclusions
In this section we describe how to obtain all the possible inclusions between gen-
eralised quadrangle groups. First, we solve the equality (iv) case by case (lemmas
3.3 to 3.6). Then, for each solution we construct the corresponding passport as a
result of (v). Finally we exhibit a 4-constellation associated to each passport; by
Proposition 3.2 it is enough to nd for each inclusion P < Q associated to a pass-
port , a 4-constellation with passport . Actually we go well along in this step
by computing all 4-constellations with passport . These give all non-conjugate
subgroups of Q of index N isomorphic to P (non-isomorphic 4-constellations).
As an example let us work out the Case 4 in details. When solving (iv) of
Lemma 3.6 we reach the following two subcases:
(I) 2(N   1)   Nk = 0, which implies N = 2 and k = 1 and all summands on
the right-hand side of (iv) are equal to zero.
(II) 2(N   1)  Nk > 0, which implies that at least one of the summands on the
right-hand side of (iv) is greater than zero.
In subcase (I) we have 2p = l, 2q = m, and 2 = nr +
n
s . Hence (k; l;m; n) =
(1; 2p; 2q; r) and s = r. This is a parametric (ordered2) numerical solution which
may give rise to a 3-parametric family of normal inclusions
(6) Q(p; q; r; r)C2 (2p; 2q; r) :
According to (v) of Lemma 3.6, any of these inclusions is realised provided that
we are able to nd a 4-constellation (x; y; z; w) with passport  = (1
2; 2; 2; 12).
Remark that the passport is independent of the parameters. It is not complicated to
see that (x; y; z; w) = (1; (12); (12); 1), where xyzw = 1, is a constellation
associated to . This proves the existence of the inclusions (6). Moreover, there
is no other constellation with passport  and, as x = 1, we can reduce the 4-
constellation (x; y; z; w) to the 3-constellation (y; z; w) that we can depict
as a spherical hypermap.
Figure 1: The hypermap (3-constellation) with passport (2; 2; 12).
In subcase (II) some families of inclusions emerge when one or two of the right-
hand side summands in (iv) are equal to zero, resulting into 1- and 2-parametric
2Numerical solutions are taken up to permutations of k; l;m; n and p; q; r; s.
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families:
1-parametric: (a1) 2(N   1)  Nk =
N mq
m +
N (nr+ns )
n with only
N  lp
l = 0 .
(a2) 2(N   1)  Nk =
N  lp
l +
N (nr+ns )
n with only
N mq
m = 0 .
(b) 2(N   1)  Nk =
N  lp
l +
N mq
m with only
N (nr+ns )
n = 0 .
2-parametric: (a) 2(N   1)  Nk =
N (nr+ns )
n with
N  lp
l =
N mq
m = 0 .
(b1) 2(N   1)  Nk =
N mq
m with
N  lp
l =
N (nr+ns )
n = 0 .
(b2) 2(N   1)  Nk =
N  lp
l with
N mq
m =
N (nr+ns )
n = 0 .
The 1-parametric equations (a1) and (a2) are the same up to transposition of l
andm. This equation give rise to two numerical solutions, both realisable, shown in
lines 5 and 9 of Table 1. The third equation (b) gives rise to 9 realisable numerical
solutions (Table 1, lines 4,6,7,8,10-14), two of them twice realisable.
The 2-parametric equation (a) has no numerical solution under the constrained
(i)-(iii) of Lemma 3.6 and the assumption we made in (2). In fact, as
N   2  2(N   1)  N
k
=
N    nr + ns 
n
 N   2
n
;
subcase (II) forces N to be greater than 2, giving n = k = 1, in contradiction with
(2). The two other equations (b1) and (b2), which are the same (up to transposition
of l and m), have two numerical solutions which are both once realisable (Table 1,
lines 2 and 3).
If all three right-hand side summands of (iv) are non-zero, then we get 29 sporadic
numerical solutions (i.e. non-parametric), 28 of which are realised by sporadic
inclusions (Table 2).
N (p; q; r; s) (k; l;m; n) Passport #
2 (p; q; r; r) (1; 2p; 2q; r) (12; 2; 2; 12) 1
2 (1; q; r; r) (1; 2; 2q; r) (12; 2; 2; 12) 1
3 (2; q; r; 2r) (1; 2; 3q; 2r) (13; 1:2; 3; 1:2) 1
3 (1; 2; r; 2r) (1; 2; 3; 2r) (13; 1:2; 3; 1:2) 1
4 (2; 2; 3; s) (1; 2; 3; 4s) (14; 12:2; 1:3; 4) 1
4 (3; 3; r; 3r) (1; 3; 3; 3r) (14; 1:3; 1:3; 1:3) 1
4 (1; 3; r; 3r) (1; 2; 3; 3r) (14; 22; 1:3; 1:3) 1
4 (3; 3; r; r) (1; 3; 3; 2r) (14; 1:3; 1:3; 22) 1
5 (2; 3; 3; s) (1; 2; 3; 5s) (15; 1:22; 12:3; 5) 1
5 (2; 4; r; 4r) (1; 2; 4; 4r) (15; 1:22; 1:4; 1:4) 2
5 (2; 4; 2r; 3r) (1; 2; 4; 6r) (15; 1:22; 1:4; 2:3) 1
7 (2; 3; r; 6r) (1; 2; 3; 6r) (17; 1:23; 1:32; 1:6) 2
7 (2; 3; 2r; 5r) (1; 2; 3; 10r) (17; 1:23; 1:32; 2:5) 1
7 (2; 3; 3r; 4r) (1; 2; 3; 12r) (17; 1:23; 1:32; 3:4) 1
Table 1. Families of inclusions, corresponding passports, and number
of realisations in Case 4.
Tables 1 and 2 contain all the inclusions and the corresponding passports ob-
tained in that case (Case 4). We also record the number of non-isomorphic 4-
constellation for each corresponding passport. These constellations were obtained
in the following way: Given Q = Q(k; l;m; n) we search trough all subgroups
P <N Q. Every subgroup P gives rise to a homomorphism , given by the action
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of Q on the set of cosets of P . We then compute the passport of the 4-constellation
((x); (y); (z); (w)). If the obtained passport is included in the list of corre-
sponding passports to numerical solutions for Q(k; l;m; n), then P <N Q is realis-
able. This task can be accomplished by using computer algebra systems as GAP
[6] or Magma [2].
N (p; q; r; s) (k; l;m; n) Passport #
5 (3; 3; 4; 4) (1; 3; 4; 4) (15; 12:3; 1:4; 1:4) 1
6 (2; 2; 5; 5) (1; 2; 5; 5) (16; 12:22; 1:5; 1:5) 3
6 (2; 2; 2; 5) (1; 2; 4; 5) (16; 12:22; 2:4; 1:5) 2
6 (1; 4; 4; 5) (1; 2; 4; 5) (16; 23; 12:4; 1:5) 1
7 (2; 5; 5; 6) (1; 2; 5; 6) (17; 1:23; 12:5; 1:6) 3
7 (3; 3; 5; 5) (1; 3; 3; 5) (17; 1:32; 1:32; 12:5) 1
7 (2; 2; 4; 6) (1; 2; 4; 6) (17; 1:23; 1:2:4; 1:6) 4
7 (2; 3; 3; 4) (1; 3; 3; 4) (17; 1:32; 1:32; 1:2:4) 4
8 (1; 3; 3; 7) (1; 2; 3; 7) (18; 24; 12:32; 1:7) 1
9 (2; 4; 7; 7) (1; 2; 4; 7) (19; 1:24; 1:42; 12:7) 4
9 (1; 2; 7; 7) (1; 2; 3; 7) (19; 1:24; 33; 12:7) 1
9 (2; 3; 4; 6) (1; 2; 4; 6) (19; 1:24; 1:42; 1:2:6) 4
10 (2; 2; 3; 9) (1; 2; 3; 9) (110; 12:24; 1:33; 1:9) 6
10 (2; 2; 3; 4) (1; 2; 3; 8) (110; 12:24; 1:33; 2:8) 3
10 (3; 3; 4; 4) (1; 3; 3; 4) (110; 1:33; 1:33; 12:42) 4
10 (1; 3; 8; 8) (1; 2; 3; 8) (110; 25; 1:33; 12:8) 1
11 (2; 3; 3; 10) (1; 2; 3; 10) (111; 1:25; 12:33; 1:10) 6
11 (2; 2; 4; 5) (1; 2; 4; 5) (111; 1:25; 1:2:42; 1:52) 5
13 (2; 3; 11; 11) (1; 2; 3; 11) (113; 1:26; 1:34; 12:11) 6
13 (2; 3; 5; 10) (1; 2; 3; 10) (113; 1:26; 1:34; 1:2:10) 6
13 (2; 3; 3; 9) (1; 2; 3; 9) (113; 1:26; 1:34; 1:3:9) 4
13 (2; 2; 3; 8) (1; 2; 3; 8) (113; 1:26; 1:34; 1:4:8) 4
17 (2; 3; 3; 8) (1; 2; 3; 8) (117; 1:28; 12:35; 1:82) 9
17 (2; 4; 5; 5) (1; 2; 4; 5) (117; 1:28; 1:44; 12:53) 8
19 (2; 3; 4; 8) (1; 2; 3; 8) (119; 1:29; 1:36; 1:2:82) 10
22 (2; 2; 3; 7) (1; 2; 3; 7) (122; 12:210; 1:37; 1:73) 13
29 (2; 3; 3; 7) (1; 2; 3; 7) (129; 1:214; 12:39; 1:74) 14
37 (2; 3; 7; 7) (1; 2; 3; 7) (137; 1:218; 1:312; 12:75) 15
Table 2. Sporadic inclusions, corresponding passports, and number
of realisations in Case 4.
Remark 4.1. 1) The complete list of ordered numerical solutions of (iv) in Lemma
3.6 include also the following two non-realisable solutions
 N = 4, (p; q; r; s) = (1; 3; r; r), (k; l;m; n) = (1; 2; 3; 2r) with corresponding
passport (14; 22; 1:3; 22) and
 N = 16, (p; q; r; s) = (1; 3; 7; 7), (k; l;m; n) = (1; 2; 3; 7) with corresponding
passport (116; 28; 1:35; 12:72).
2) In tables 1,2 and 3-8 (in the Appendix, corresponding to Cases 1-3), the pass-
port is ordered according to (k; l;m; n); since a permutation of (k; l;m; n) corre-
sponds to a permutation of the generators x; y; z; w of Q(k; l;m; n) and hence to
a permutation of the passport ((x); (y); (z); (w)). The 4-tuples (p; q; r; s)
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are independently ordered. For example lines 4 and 5 in Table 1
N (p; q; r; s) (k; l;m; n) Passport #
3 (1; 2; r; 2r) (1; 2; 3; 2r) (13; 1:2; 3; 1:2) 1
4 (2; 2; 3; s) (1; 2; 3; 4s) (14; 12:2; 1:3; 4) 1
are reorderings (in the above sense) of the following lines
N (p; q; r; s) (k; l;m; n) Passport #
3 (2; 1; r; 2r) (1; 2; 3; 2r) (13; 1:2; 3; 1:2) 1
4 (3; s; 2; 2) (1; 3; 4s; 2) (14; 1:3; 4; 12:2) 1
5. Curiosities and remarks
Example 5.1 (Inclusions realisable by dierent passports).
1. Let N = 12 and (p; q; r; s) = (2; 2; 5; 5). In Case 3 (see Table 8 in the Appen-
dix), setting (k; l;m; n) = (1; 2; 4; 5) we get a numerical solution with associated
passport (112; 25; 22:42; 12:52), while setting (k; l;m; n) = (1; 4; 2; 5) we get a nu-
merical solution with associated passport (112; 43; 12:25; 12:52). Both give rise to
the inclusion Q(2; 2; 5; 5) <12 Q(1; 2; 4; 5) = Q(1; 4; 2; 5) (Lemma 2.2) since there
are constellations with both passports. More precisely, according to Table 8, there
are 3 non-isomorphic 4-constellations with passport (112; 25; 22:42; 12:52) and 6 non-
isomorphic 4-constellations with passport (112; 43; 12:25; 12:52).
2. Another example is given by the numerical solution N = 10, (p; q; r; s) =
(2; 2; 4; 4) and (k; l;m; n) = (1; 5; 2; 4), which is at the same time a numerical so-
lution for (iv) in Case 1, with associated passport (110; 52; 25; 12:22:4), and a nu-
merical solution for (iv) in Case 3, with associated passport (110; 52; 12:24; 12:42).
The existence of an inclusion Q(2; 2; 4; 4) <10 (2; 4; 5) = Q(1; 5; 2; 4) (Lemma
2.2) is guaranteed by the existence of a hypermap with passport (52; 25; 12:22:4)
or (52; 12:24; 12:42). According to Table 4 (Appendix), there are two constellations
with the st passport and ve with the second passport, given by the spherical
hypermaps in the following two Figures.
Figure 2: Hypermaps with Figure 3: Hypermaps with
passport (52; 25; 12:22:4). passport (52; 12:24; 12:42).
According to Tables 1-8, there is no other inclusion which is realisable by dierent
passports.
Example 5.2 (A passport giving rise to dierent inclusions). The same
spherical hypermap may prove the existence of dierent generalised quadrangle
group inclusions. The following gure shows a hypermap which proves the existence
of three distinct families of inclusions of index 4. These three families obviously
have the same corresponding passport (up to permutation, according to Lemma
2.2), which in this case is (4; 12:2; 1:3):
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Q(2; 2; r; 3r) < (2; 4; 3r) Q(2; 2; 3; s) < (2; 3; 4s) Q(3; q; 2q; 2q) < (3; 4; 2q)
2
2
r3r s
2
2
3 q
2q
2q
3
Figure 3: Three distinct families of inclusions with the same passport.
One can distinguish the three dierent inclusions by adding to the picture the orders
of the subgroup generators as branched indices (at branched points, corresponding
to those cycles of (xi) of length less than jxij mentioned in Proposition 3.2). In
doing so we get three (representations of) distinct dessins d'enfant, as dened in
[4].
Remark 5.3 (Maximal chains of inclusions). According to [13], for any max-
imal chain of inclusions3 of triangle groups 1 < 2 <    < t one has that t is
one of (2; 2q; r), (3; 3; q), (2; 3; 2r), (2; 3; 3r) or (2; 3; 7).
We claim that the same assertion is true for maximal chains of inclusions of gen-
eralised quadrangle groups. In fact, from Tables 1-8 we conclude that for any
inclusion P < Q we have that Q is a triangle group or P < Q is one of the following
inclusions:
Q(p; p; r; r) < Q(2; 2; p; r) or Q(p; p; p; p) < Q(2; 2; 2; p) :
Remarking that any group in the 1-parametric family Q(2; 2; 2; p) is isomorphic to
a group of the 2-parametric family Q(2; 2; p; r) and that Q(2; 2; p; r) < (2; 2p; 2r)
(see rst line of Table 1), our claim follows.
3t < ) t = .
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Appendix: Tables of inclusions for the Cases 1-3.
N (p; q; r; s) (k; l;m; n) Passport #
4 (p; p; p; p) (1; 4; 4; p) (14; 4; 4; 14) 1
4 (p; p; p; p) (2; 2; 2; p) (22; 22; 22; 14) 1
6 (p; 3p; 3p; 3p) (1; 2; 6; 3p) (16; 23; 6; 13:3) 1
6 (p; p; 2p; 2p) (1; 2; 6; 2p) (16; 23; 6; 12:22) 1
6 (p; p; 2p; 2p) (1; 3; 3; 2p) (16; 32; 32; 12:22) 1
8 (p; 2p; 4p; 4p) (1; 2; 4; 4p) (18; 24; 42; 12:2:4) 1
8 (p; p; 3p; 3p) (1; 2; 4; 3p) (18; 24; 42; 12:32) 1
8 (p; p; p; p) (1; 2; 4; 2p) (18; 24; 42; 24) 1
12 (p; 9p; 9p; 9p) (1; 2; 3; 9p) (112; 26; 34; 13:9) 1
12 (p; 4p; 8p; 8p) (1; 2; 3; 8p) (112; 26; 34; 12:2:8) 1
12 (p; p; 5p; 5p) (1; 2; 3; 5p) (112; 26; 34; 12:52) 1
12 (p; 2p; 3p; 6p) (1; 2; 3; 6p) (112; 26; 34; 1:2:3:6) 1
12 (p; p; 2p; 2p) (1; 2; 3; 4p) (112; 26; 34; 22:42) 1
12 (p; p; p; p) (1; 2; 3; 3p) (112; 26; 34; 34) 1
Table 3. Families of inclusions, corresponding passports, and number
of realisations in Case 1.
N (p; q; r; s) (k; l;m; n) Passport #
8 (4; 4; 4; 4) (1; 2; 4; 8) (18; 24; 14:4; 8) 1
10 (3; 3; 3; 3) (1; 2; 3; 10) (110; 25; 14:32; 10) 1
10 (6; 6; 6; 6) (1; 2; 5; 6) (110; 25; 52; 14:6) 1
10 (2; 2; 4; 4) (1; 2; 4; 5) (110; 25; 12:22:4; 52) 2
12 (4; 4; 4; 4) (1; 2; 4; 6) (112; 26; 14:42; 62) 2
12 (4; 4; 4; 4) (1; 3; 3; 4) (112; 34; 34; 14:42) 1
12 (2; 6; 6; 6) (1; 2; 4; 6) (112; 26; 43; 13:3:6) 1
12 (3; 3; 6; 6) (1; 2; 4; 6) (112; 26; 43; 12:22:6) 1
16 (3; 3; 3; 3) (1; 2; 3; 8) (116; 28; 14:34; 82) 3
16 (6; 6; 6; 6) (1; 2; 4; 6) (116; 28; 44; 14:62) 2
18 (14; 14; 14; 14) (1; 2; 3; 14) (118; 29; 36; 14:14) 1
18 (4; 12; 12; 12) (1; 2; 3; 12) (118; 29; 36; 13:3:12) 1
18 (2; 10; 10; 10) (1; 2; 3; 10) (118; 29; 36; 13:5:10) 1
18 (6; 6; 12; 12) (1; 2; 3; 12) (118; 29; 36; 12:22:12) 1
20 (4; 4; 4; 4) (1; 2; 4; 5) (120; 210; 14:44; 54) 3
24 (5; 5; 5; 5) (1; 2; 4; 5) (124; 212; 46; 14:54) 5
24 (10; 10; 10; 10) (1; 2; 3; 10) (124; 212; 38; 14:102) 3
24 (1; 7; 7; 7) (1; 2; 3; 7) (124; 212; 38; 13:73) 1
24 (2; 4; 8; 8) (1; 2; 3; 8) (124; 212; 38; 12:2:4:82) 1
24 (4; 4; 4; 4) (1; 2; 3; 8) (124; 212; 38; 24:82) 1
28 (3; 3; 3; 3) (1; 2; 3; 7) (128; 214; 14:38; 74) 5
30 (4; 4; 8; 8) (1; 2; 3; 8) (130; 215; 310; 12:22:83) 3
36 (8; 8; 8; 8) (1; 2; 3; 8) (136; 218; 312; 14:84) 4
60 (7; 7; 7; 7) (1; 2; 3; 7) (160; 230; 320; 14:78) 6
Table 4. Sporadic inclusions, corresponding passports, and number
of realisations in Case 1.
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N (p; q; r; s) (k; l;m; n) Passport #
3 (p; q; q; q) (1; 3; 3p; q) (13; 3; 3; 13) 1
3 (1; q; q; q) (1; 3; 3; q) (13; 3; 3; 13) 1
4 (3; q; 2q; 2q) (1; 3; 4; 2q) (14; 1:3; 4; 12:2) 1
4 (p; q; 2q; 2q) (1; 2; 4p; 2q) (14; 22; 4; 12:2) 1
4 (1; q; 2q; 2q) (1; 2; 4; 2q) (14; 22; 4; 12:2) 1
5 (2; q; 3q; 3q) (1; 2; 5; 3q) (15; 1:22; 5; 12:3) 1
5 (2; q; q; 2q) (1; 2; 5; 2q) (15; 1:22; 5; 1:22) 1
6 (p; 3; 3; 3) (1; 2; 6p; 3) (16; 23; 6; 13:3) 1
6 (5; q; 4q; 4q) (1; 2; 5; 4q) (16; 23; 1:5; 12:4) 1
6 (1; q; 4q; 4q) (1; 2; 3; 4q) (16; 23; 32; 12:4) 1
6 (5; 2q; 3q; 6q) (1; 2; 5; 6q) (16; 23; 1:5; 1:2:3) 1
6 (2; 2q; 3q; 6q) (1; 2; 4; 6q) (16; 23; 2:4; 1:2:3) 1
6 (1; q; q; q) (1; 2; 3; 2q) (16; 23; 32; 23) 1
9 (2; q; 7q; 7q) (1; 2; 3; 7q) (19; 1:24; 33; 12:7) 1
9 (2; q; 3q; 6q) (1; 2; 3; 6q) (19; 1:24; 33; 1:2:6) 1
9 (2; 3q; 5q; 15q) (1; 2; 3; 15q) (19; 1:24; 33; 1:3:5) 1
9 (2; 3q; 4q; 6q) (1; 2; 3; 12q) (19; 1:24; 33; 2:3:4) 1
10 (3; q; 8q; 8q) (1; 2; 3; 8q) (110; 25; 1:33; 12:8) 1
10 (3; 2q; 7q; 14q) (1; 2; 3; 14q) (110; 25; 1:33; 1:2:7) 1
10 (3; 4q; 5q; 20q) (1; 2; 3; 20q) (110; 25; 1:33; 1:4:5) 1
10 (3; 6q; 10q; 15q) (1; 2; 3; 30q) (110; 25; 1:33; 2:3:5) 1
Table 5. Families of inclusions, corresponding passports, and number
of realisations in Case 2.
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N (p; q; r; s) (k; l;m; n) Passport #
5 (2; 2; 2; 4) (1; 2; 4; 5) (15; 13:2; 1:4; 5) 1
6 (3; 3; 3; 5) (1; 3; 3; 5) (16; 32; 13:3; 1:5) 1
6 (2; 3; 3; 3) (1; 3; 3; 4) (16; 32; 13:3; 2:4) 1
7 (2; 2; 2; 3) (1; 2; 3; 7) (17; 13:22; 1:32; 7) 2
7 (2; 4; 4; 4) (1; 2; 4; 7) (17; 1:23; 13:4; 7) 1
8 (5; 5; 5; 7) (1; 2; 5; 7) (18; 24; 13:5; 1:7) 1
8 (2; 4; 4; 7) (1; 2; 4; 7) (18; 24; 12:2:4; 1:7) 2
8 (2; 3; 4; 4) (1; 2; 4; 6) (18; 24; 12:2:4; 2:6) 1
8 (1; 3; 3; 7) (1; 2; 3; 7) (18; 24; 12:32; 1:7) 1
9 (2; 2; 2; 8) (1; 2; 3; 8) (19; 13:23; 33; 1:8) 2
9 (2; 3; 3; 3) (1; 2; 3; 9) (19; 1:24; 13:32; 9) 2
9 (3; 3; 3; 4) (1; 3; 3; 4) (19; 33; 13:32; 1:42) 1
12 (3; 3; 3; 11) (1; 2; 3; 11) (112; 26; 13:33; 1:11) 2
12 (3; 3; 3; 5) (1; 2; 3; 10) (112; 26; 13:33; 2:10) 1
12 (3; 3; 3; 3) (1; 2; 3; 9) (112; 26; 13:33; 3:9) 1
12 (2; 3; 3; 3) (1; 2; 3; 8) (112; 26; 13:33; 4:8) 1
12 (1; 9; 9; 9) (1; 2; 3; 9) (112; 26; 34; 13:9) 1
12 (1; 4; 8; 8) (1; 2; 3; 8) (112; 26; 34; 12:2:8) 1
15 (2; 2; 2; 7) (1; 2; 3; 7) (115; 13:26; 35; 1:72) 3
15 (2; 4; 4; 4) (1; 2; 4; 5) (115; 1:27; 13:43; 53) 1
15 (2; 12; 12; 12) (1; 2; 3; 12) (115; 1:27; 35; 13:12) 2
15 (2; 5; 5; 10) (1; 2; 3; 10) (115; 1:27; 35; 1:22:10) 1
15 (2; 2; 4; 8) (1; 2; 3; 8) (115; 1:27; 35; 1:2:4:8) 2
16 (3; 13; 13; 13) (1; 2; 3; 13) (116; 28; 1:35; 13:13) 2
16 (2; 4; 4; 5) (1; 2; 4; 5) (116; 28; 12:2:43; 1:53) 3
16 (3; 6; 12; 12) (1; 2; 3; 12) (116; 28; 1:35; 12:2:12) 3
16 (3; 3; 3; 9) (1; 2; 3; 9) (116; 28; 1:35; 1:32:9) 1
18 (3; 3; 3; 4) (1; 2; 3; 8) (118; 29; 13:35; 2:82) 1
21 (2; 3; 3; 3) (1; 2; 3; 7) (121; 1:210; 13:36; 73) 4
21 (2; 9; 9; 9) (1; 2; 3; 9) (121; 1:210; 37; 13:92) 2
24 (1; 7; 7; 7) (1; 2; 3; 7) (124; 212; 38; 13:73) 1
27 (2; 8; 8; 8) (1; 2; 3; 8) (127; 1:213; 39; 13:83) 2
28 (3; 4; 8; 8) (1; 2; 3; 8) (128; 214; 1:39; 12:2:83) 2
36 (3; 3; 3; 7) (1; 2; 3; 7) (136; 218; 13:311; 1:75) 4
45 (2; 7; 7; 7) (1; 2; 3; 7) (145; 1:222; 315; 13:76) 2
52 (3; 7; 7; 7) (1; 2; 3; 7) (152; 226; 1:317; 13:77) 1
Table 6. Sporadic inclusions, corresponding passports, and number
of realisations in Case 2.
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N (p; q; r; s) (k; l;m; n) Passport #
2 (p; p; r; r) (2; 2; p; r) (2; 2; 12; 12) 1
3 (p; 2p; r; 2r) (1; 3; 2p; 2r) (13; 3; 1:2; 1:2) 1
4 (2; 2; r; 3r) (1; 2; 4; 3r) (14; 12:2; 4; 1:3) 1
4 (2; 2; r; r) (1; 2; 4; 2r) (14; 12:2; 4; 22) 1
4 (p; 3p; r; 3r) (1; 2; 3p; 3r) (14; 22; 1:3; 1:3) 1
4 (p; p; r; r) (1; 2; 2p; 2r) (14; 22; 22; 22) 1
6 (2; 2; r; 5r) (1; 2; 3; 5r) (16; 12:22; 32; 1:5) 1
6 (2; 2; r; 2r) (1; 2; 3; 4r) (16; 12:22; 32; 2:4) 1
6 (2; 2; r; r) (1; 2; 3; 3r) (16; 12:22; 32; 32) 1
6 (4; 4; r; 5r) (1; 2; 4; 5r) (16; 23; 12:4; 1:5) 1
6 (4; 4; r; r) (1; 2; 4; 3r) (16; 23; 12:4; 32) 1
8 (3; 3; r; 7r) (1; 2; 3; 7r) (18; 24; 12:32; 1:7) 1
8 (3; 3; r; 3r) (1; 2; 3; 6r) (18; 24; 12:32; 2:6) 1
8 (3; 3; r; r) (1; 2; 3; 4r) (18; 24; 12:32; 42) 1
Table 7. Families of inclusions, corresponding passports, and number
of realisations in Case 3.
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N (p; q; r; s) (k; l;m; n) Passport #
5 (3; 3; 3; 3) (1; 3; 3; 5) (15; 12:3; 12:3; 5) 1
6 (2; 2; 4; 4) (1; 2; 4; 6) (16; 12:22; 12:4; 6) 2
6 (4; 4; 4; 4) (1; 3; 4; 4) (16; 32; 12:4; 12:4) 2
8 (2; 2; 3; 3) (1; 2; 3; 8) (18; 12:23; 12:32; 8) 4
8 (2; 2; 6; 6) (1; 2; 4; 6) (18; 12:23; 42; 12:6) 3
8 (3; 3; 3; 3) (1; 3; 3; 4) (18; 12:32; 12:32; 42) 3
8 (6; 6; 6; 6) (1; 2; 6; 6) (18; 24; 12:6; 12:6) 2
9 (1; 2; 7; 7) (1; 2; 3; 7) (19; 1:24; 33; 12:7) 1
10 (2; 2; 4; 4) (1; 2; 4; 5) (110; 12:24; 12:42; 52) 5
10 (4; 4; 8; 8) (1; 2; 4; 8) (110; 25; 12:42; 12:8) 3
10 (2; 4; 4; 6) (1; 2; 4; 6) (110; 25; 12:42; 1:3:6) 3
10 (3; 3; 4; 4) (1; 2; 4; 6) (110; 25; 12:42; 22:6) 1
10 (1; 3; 8; 8) (1; 2; 3; 8) (110; 25; 1:33; 12:8) 1
12 (2; 2; 5; 5) (1; 2; 4; 5) (112; 12:25; 43; 12:52) 6
12 (2; 2; 10; 10) (1; 2; 3; 10) (112; 12:25; 34; 12:10) 4
12 (2; 2; 4; 4) (1; 2; 3; 8) (112; 12:25; 34; 22:8) 1
12 (5; 5; 5; 5) (1; 2; 5; 5) (112; 26; 12:52; 12:52) 5
12 (2; 2; 5; 5) (1; 2; 4; 5) (112; 26; 22:42; 12:52) 3
14 (2; 2; 3; 3) (1; 2; 3; 7) (114; 12:26; 12:34; 72) 9
14 (3; 3; 12; 12) (1; 2; 3; 12) (114; 27; 12:34; 12:12) 4
14 (3; 3; 5; 5) (1; 2; 3; 10) (114; 27; 12:34; 22:10) 1
14 (2; 3; 3; 4) (1; 2; 3; 8) (114; 27; 12:34; 2:4:8) 2
14 (4; 4; 6; 6) (1; 2; 4; 6) (114; 27; 12:43; 12:62) 5
18 (2; 2; 8; 8) (1; 2; 3; 8) (118; 12:28; 36; 12:82) 8
20 (3; 3; 9; 9) (1; 2; 3; 9) (120; 210; 12:36; 12:92) 9
20 (3; 3; 4; 4) (1; 2; 3; 8) (120; 210; 12:36; 22:82) 4
22 (4; 4; 5; 5) (1; 2; 4; 5) (122; 211; 12:45; 12:54) 5
26 (3; 3; 8; 8) (1; 2; 3; 8) (126; 213; 12:38; 12:83) 5
30 (2; 2; 7; 7) (1; 2; 3; 7) (130; 12:214; 310; 12:74) 12
44 (3; 3; 7; 7) (1; 2; 3; 7) (144; 222; 12:314; 12:76) 16
Table 8. Sporadic inclusions, corresponding passports, and number
of realisations in Case 3.
Remarks (to Tables 1-8).
1. The same triangle group inclusion can appear in dierent tables (Cases)
since p = 1 divides any integer.
2. If a triangle group inclusion appears in dierent cases, it appears with the
same passport, since any triangle group inclusion has only one realisation.
(Compare with Examples 5.1, where we give an inclusion appearing in
dierent cases with dierent passports).
3. Some triangle group inclusions are particular instances of families of gener-
alised quadrangle group inclusions. We did'nt eliminate them to emphasize
the triangle group inclusions.
The following table gives all the details stated in the above remarks.
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label index -inclusion corresponding Q-inclusion(s) Cases
(a) 2 (q; r; r)C(2; 2q; r) Q(p; q; r; r)C(2p; 2q; r) for p = 1 4
(b) 3 (q; q; q)C(3; 3; q) Q(p; q; q; q)C(3; 3p; q) for p = 1 2
(c) 6 (q; q; q)C(2; 3; 2q) no correspondence 2
(A) 24 (7; 7; 7) < (2; 3; 7) no correspondence 1,2
(B) 9 (2; 7; 7) < (2; 3; 7) Q(2; q; 7q; 7q) < (2; 3; 7q) for q = 1 2,3,4
(C) 8 (3; 3; 7) < (2; 3; 7) Q(3; 3; r; 7) < (2; 3; 7r) for r = 1 2,3,4
(D) 12 (4; 8; 8) < (2; 3; 8) Q(p; 4p; 8p; 8p) < (2; 3; 8p) for p = 1 1,2
(E) 10 (3; 8; 8) < (2; 3; 8) Q(3; q; 8q; 8q) < (2; 3; 8q) for q = 1 2,3,4
(F) 12 (9; 9; 9) < (2; 3; 9) Q(p; 9p; 9p; 9p) < (2; 3; 9p) for p = 1 1,2
(G) 6 (4; 4; 5) < (2; 4; 5) Q(5; q; 4q; 4q) < (2; 5; 4q) for q = 1 or
Q(4; 4; r; 5r) < (2; 4; 5r) for r = 1 2,3,4
(H) 6 (q; 4q; 4q) < (2; 3; 4q) no correspondence 2
(I) 4 (q; 2q; 2q) < (2; 4; 2q) Q(p; q; 2q; 2q) < (2; 4p; 2q) for p = 1 2
(J) 4 (3; r; 3r) < (2; 3; 3r) Q(p; 3p; r; 3r) < (2; 3p; 3r) for p = 1 3,4
(K) 3 (2; r; 2r) < (2; 3; 2r) Q(2; q; r; 2r) < (2; 3q; 2r) for q = 1 or
Q(p; 2p; r; 2r) < (3; 2p; 2r) for p = 1 3,4
Table 9. Triangle group inclusions as particular instances of families
of generalised quadrangle group inclusions and respective cases.
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